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*
Inductive definitions, models of comprehension and invariant definability

by

K.R. Apt

ABSTRACT

The connections between inductive definability and models of comprehen-
sion are studied.

Let U = < A,R],...,Rn > be an infinite structure and let I, be a set

¢

inductively defined by a formula ¢ of the second order language Lg.
We prove in §3 that if A is a model of A:-Comprehension relativized to
¢ and ¢ is A-absolute then for every n smaller than the height of A (h(A))
In
¢

vized to 9 and WF(X) and ¢ is A-absolute then I¢ is in A and ¢l < h(A).

These results imply that Barwise—Grilliot theorem is false in the case of

.. . . . e 1 . .
is in A. If A is a B-structure which satisfies z]—ComprehenSLOn relati-

uncoutable acceptable structures.

In 84 we study the notion of invariant definability over models of Ai—
Comprehension. We prove that if U is a countable, acceptable structure and
T an inductive theory in Lg which extends A}—Comprehension and has a model
over U then the hyperelementary relations of U are exactly the sets
invariantly definable over all models of U. We show that this theorem is
false in the case of uncountable acceptable structures. We prove that if U
is an acceptable structure then for some inductive set I every set
invariantly definable over models of Ai—Comprehension is hyperelementary in

I.

KEY WORDS & PHRASES: Znductive definitions, A}—Comprehension, hyperelemen—

tary relations, invariant definability.

*)

This paper is not for review; it is meant for publication elsewhere.



§1. INTRODUCTION

This paper is devoted to the study of connections between inductive
definability and models of comprehension. The basic question to which we
want to find an answer is the following.

Let U be an infinite structure. Suppose that I, is a set inductively

¢

defined by a second order formula ¢. Which properties of a second order
n
¢

structure A over U imply that I¢ or some of its stages I
We prove in §3 that if A satisfies A}'Comprehension scheme relativized

belong to |A|?
to ¢ and ¢ is A-absolute than for every n smaller than the height of A
(h(A)) 13 e [A].

If we assume that A is a B-structure for which ¢ is A-absolute and A
satisfies Xi—COmprehension relativized to ¢ and WF(X) then l¢l < h(A) and
I¢ e |A].

Using these results we prove that Barwise-Grilliot theorem (see
MOSCHOVAKIS [2] p. 140) is false in the case of uncountable acceptable
structures.

The basic problem to which we are unable to find the answer is the
following: is it true that hyperelementary relations on an arbitrary
infinite structure U form a model (the smallest one) of A:—Comprehension?

In 84 we study the notion of invariant definability over models of A}—
Comprehension. We prove that if U is a countable acceptable structure and T
is an inductive theory in Lg which extends A:—Comprehension and has a model
over U then the hyperelementary relations of U are exactly the sets
invariantly definable over models of T. This theorem is not true in the
case of uncountable acceptable structures.

Finally we prove that if U is acceptable then for some inductive set I

. . . 1
every set invariantly definable over models of A

l-Comprehension is hyper-

elementary in I.
Unfortuanately we are unable to give the exact characterization of

sets which are invariantly definable over all models of Al

I—Comprehension in

the case of an arbitrary infinite structure U.
We thank Mr. E. Alward and prof. G. Kreisel for helpful remarks about

1 .
Al—Comprehens1on.



§2. PRELIMINARIES

Throughout the paper the letters n,§,T,0 always denote ordinals. If A
is a set we use small latin letters to denote the elements of A and capital
letters to denote relations on A of any (finite) number of arguments. By
A" (n21) we denote the set of all n—-tuples of elements of A. If X is a set
P(X) denotes its power set. x denotes a sequence KyseoesX of elements of A
and X denotes a sequence Xl""’xn of relations on A.

For the convenience of the reader we recall here some definitions and
notations which can be found in MOSCHOVAKIS [2] and MOSCHOVAKIS [3].

The first order language over a set A,LA has an infinite list of indi-
vidual variables x,y,z,..., a constant b for each element b of A, an
infinite list X,Y,Z,... of n—ary relation variables for each n > 1 and a
constant P for each relation P on A. In forming formulas of LA the quanti-
fiers 3 and V are applied only to individual variables.

The second order language over A,LA

2
. . . . A .
cation of the relation variables in the language L. For convenience we

is obtained by allowing quantifi-

assume that the formulas of the type X = Y are not well formed formulas (we
may write instead Vx(X(x) <> Y(x))).

Let U =< A Rl""’R > be a structure (that is to say R],...,R are
relations over A). The first (second) order language Lu(Lu) for U consists
of those formulas of the language L (L ) whose relation constants are among

1""’Rn' We sozetlmes write x € X lnstead of X(x).

Formulas of L~ are called arithmetical formulas. All structures
considered are infinite.

A is called a second order structure over U = < A’Rl""’Rn > if
A=< A,{AI,RI,..,,Rn > where |A| ¢ ngl P(A™). While interpreting a formula
¢ of Lg on A we assume that the second order quantifiers of ¢ range over
|Al. For simplicity P(U) denotes the second order structure
<4, Y P(An),Rl,...,Rn >.

We sometimes write ¢(x,X) instead of P(U) k= ¢(x,X).



DEFINITION 1. Let A be a second order structure over U.

A formula ¢(xl,...,xk,x1,...,xn) of Lg with free variables indicated is
called A-absolute if

AE ¢ [xp,ee X XX T @ PUD ¢ [xp,eeouX X e e nbX ]

for all x ,...,% ¢ A and X],...,Xn e |A].

12°
WF(X) is the following formula of Lg where U = < A’RI"'°’Rn >

WF(X) <> X is a well-founded transitive relation on A. i.e.

VE(X) < V %,5,z [<<x,y> e X A (y,2) ¢ x) . (x,2) e x] A

AV S [Bx(xes) -+ Jy(yeS A ¥Vx(xeS ~ (x,y)éX))]

DEFINITION 2. A second order structure A over U is called a B-structure -if
the formula WF(X) is A-absolute.

. u . .
If ¢(x1,...,xk,Xl,...,Xn) is a formula of L2 with free variables
indicated we say that ¢ is a (k,r,,...,r )—formula to indicate the fact that
i n :
¢ has exactly k free individual variables and for every i < n free variable

Xi ranges over r.-ary relations.

DEFINITION 3. Let ¢(x,X,X) be a (m,ﬂ,rl,...,rn)—formula of Lg and W(§,§I,§)
be a (£+p,p1,...,pr)—formula of Lg. Suppose that ¢(x,X,X) and W(§,§l,§) have

no variables in common. Then ¢§(§,W(§,§1,§),i)'is a (m+p,r1,--—,rn,P1,~-',Pr)'

formula of Lg obtained from ¢(%,X,X) by replacing all the atomic formulas of

the form z ¢ X occuring in ¢(x,X,X) by W(Z,§1,§).

LEMMA 1. Suppose that ¢ (x,X,X) and W(§,§1,§) are formulas of Lg which satisfy
the above conditions. Then for all x, ;1, X and Y

P F o5(x,¥(y,5),0),5) @ PU) F ¢(x,4,5)

where

A=1{y: PU) F ¥(,y,,D}



PROOF. By induction on the length of the formula ¢(§,X,i,). O
DEFINITION 4. Suppose that X c A2 is a binary relation on A. Let
F1d(X) = {x : Iy((x,y) € X VvV (y,x) € X)}.

If z € F1ld(X) then
Xlz = {(x,y) * (X,7) € X A (y,2) € X}.

By transfinite induction we define the classes of wellfounded transitive

relations on A
WF(o) = {X : X is a wellfounded transitive relation on A and
V z(z ¢ Fld(X) ~ Xfé € WF(t) for some T < o}

It is easy to see then that
WF(X) © X € WF(o) for some 0.

Suppose that WF(X). By IXl we denote the least ¢ such that X e WF(qg).
If x € F1d (X) then llxrxll < Ixh.
If (x,y) € X then XF& = Xf&?k- If 0 < IXl then for some x ¢ F1ld(X) o = “XPk“-

If X and Y are two binary relations on A then by X < Y we mean the
A

following formula of L2.

3Z(Z is a 1-1 function from F1d(X) into F1d(Y)
and V x,7 ((x,¥) € X + (Z(x),Z(y)) € Y))

We define then

X <Y<« 3z (z e FIA(Y) A X < Yré)



It is easy to see then that if WF(Y) then

X <Y =Ixl < Iyl

X <Y=1Ixl <yl

DEFINITION 5. Let A be a second order structure over U. We define

h(A) = sup(IXI+1:P(U) FWF(X) and XelA|)

We call h(A) the height of A.

DEFINITION 6. Let K be a class of structures over U = < A,R ...,Rn >. Then

1’

NK=1{X:Xe |A|l for all A ¢ K}

Def (K) = {X : X € ng] P(A™) and for some formula 6(x) of Lg
with free variables indicated which is A-absolute
for all A ¢ K

PU) E Vx (xeX + (%))}

Thus N K is the intersection of all the structures belonging to K
whereas Def (K) is the collection of all sets invariantly definable over K.
If T is a set of sentences of Lg (i1.e. a theory in Lg) then

Mod (T) = {A : A is a second order structure over U and A = T}.

DEFINITION 7. Let ¢0 bz a formula of Lg.

formulas of Lg such that

1) ¢ € Ar(ep) U

ii) every arithmetical formula of L, is in Ar(¢o)

iii) if ¢,¥ € Ar(9y) then 76,0 V ¥, 3x¢ ¢ Ar(4,).

A formula ¥ of Lg is a Z}(¢0) formula if it is of the form BX]...BXn )

Ar(¢0) is the smallest class of

for some formula ¢ € Ar(¢0).



We call a relation R(x, X) (R c A" x P(Anl) X...X P(Ank) for some
Ll

..,nK) arlthmetlcal(z ) if for some arithmetical (z ) formula ¢ of L2

= {5 2 PU) F oo(x,X)}
A relation R is H} if 9 R is z: and is A: is both R and 4 R are 21.
Recall that for n 2 1, WF® = {Y : Y is wellfounded on A"}.
By A;(¢O)~Comp we mean the class of all the sentences of Lg of the form

VY [Vx (azl¢(§,z],§) > VZZW(§,22,§))

> 3XVz (zeX <> azl¢(2,zl,§))]

where X does not occur in ¢ and ¢,Y € Ar(¢ ).

By z (¢ )-Comp we mean the class of a11 the sentences of Lu

5 of the form

VY3RVZ (zeX < 6(z,Y))

where ¢ € z (¢ ) and X does not occur in ¢.

It is clear what we mean by A]-Comp, z —Comp or Z (¢0,WF(X)) Comp.

LEMMA 2. Let ¢O be a formula of Lg. For every 2;(¢0) formula ¥ of Lg there

exists an Ar(¢0) formula ¢ such that if A is second order structure over U
which satisfies the following two conditions

X,Y € |[A] = X x Y ¢ |A]

(2) If X € |A| and X is a L+m-ary set (L,m21) then there exist sets

e Al L-ary and m-ary respectively such that

A E Vz (Zexl «~ 3y ((z,y)eX))

A E vy (§ex2 > 3z ((z,y)eX))



then
A E VY« IXs.

PROOF. Assume for simplicity that ¥ is of the form axlaxzwl(?:,xl,xz,}'()
where W](E,Xl,xz,i) is a (k,Z,m,n

...,ns) Ar(¢0)-formu1a of L, for some

1? 2

k,Z,m,nl,...,nS where £,m = 1.
Let W'(§,X,X2,§) be the following (k,£+m,n1,...,ns)—formula of Lg
‘Y]'Z'(}_{,E-};( (-Z:’;)EX) ’Xz,i)

and let ¢(§,X,i) be the (k,Z+m,n ..,ns)—formula of Lu obtained from

12° 2
W';(x,X,BZ((z,y)eY,X) by replacing all the occurrences of Y by X (we have
to make this small detour via Y in order to avoid the clash of variables).
Clearly ¢ € Ar(¢o).

Now it is easy to see that for all X and X
A E axlaxz\y](;?,xl,xz,i) — IXé (X,X%,X).

Indeed, if for some X1

clearly by lemma 1 A F ¢(%,X,X).
Conversely, if for some X A E ¢(x,X,X) then

and X2 A= W](X,XI,XZ,X) then X] x X2 e |A] and

{(z : A FE 3y((z,y)eX)} € |A]

>
i

>4
I

o =1y A F 32((z,7)eN} ¢ A
and clearly by lemma 1
A E Wl(x,Xl,Xz,X). O

COROLLARY 1. Let % be a formula of Lg. Let A be a second order structure
over U. If A = A:(¢O)—Comp then A also satisfies the following scheme



VY [VZ($(z,¥) < ¥(z,Y)) -+ 3KVz(zeX <> ¢(z,Y))]
where X does not occur in ¢ and ¢,¥ are Zi(¢0) formulas.
PROOF. By lemma 2 [J

Suppose now that ¢(x1,...,xn,Y) is a (n,n)-formula of Lg. ¢ defines an

operator ® (not necessarily monotone) on the n-ary relations
o(S) = {(Xl""’xn) : P E ¢(x1,...,xn,S)}

Define by induction

£ _ n < n)
I7= U I,  u® Ul
® op<g 0 n<g ¢/
&
I, =Ul
¢ £ ¢

By the closure ordinal of ¢,l¢l, we mean the least £ such that

Ii = u1. I¢ is said to be inductively defined by ¢. Observe that
n<g
ol n
I, =1 = U I
¢ ¢ ¢

n<lol

By |X| we denote the cardinality of a set X. By n+ we mean the least
cardinal number greater than n.
If ¢0 is a (n,n)-formula of Lu where U = < A,R

..sR_ > then
+ = n 2 B
H¢OH < JA| . If x € A" then

1*°

least n such that x ¢ Ig ifxel
le¢ = . 0 ¢0
0 [A] otherwise.

Observe that for every n < IAI+ there exists X c¢ A2 such that

P(U) = WF(X) and IXl = n.



§3. NONMONOTONE INDUCTIVE DEFINITIONS AND MODELS OF COMPREHENSION
The first theorem we prove is the following:

THEOREM 1. Let ¢O be a (1,1)-formula of Lg. Let A be a second order struc-

ture over U such that A A:(¢O)-Comp and ¢O is A-absolute. Then
n < h(A) > 17 € |A].
%

PROOF. Define a (2,2,2)-formula &(x,y,X,Y) of Lg as follows:
d(x,y,X,Y) «> 3z (zeFld(XPx) A (z,y)eY)
Let
¥(x,5,%,Y) > &(x,y,X,Y) Vv [¢Oy.(y,@(x,y',X,Y) A x € F1d(X)]
(we avoid the clash of variables by appropriate renaming of the variables
occurring in ¢O).b
Finally define
B(X,Y) > WVy((x,y) € Y « ¥(x,vy,X,Y))
Observe that
¥ (x,y,X,Y) € Ar(¢0)
and

8(X,Y) e Ar (¢)

so both are A-absolute formulas.

We prove at first the following two facts:
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I) If P(U) F WF(X) then for all ¥

P(U) F 8(X,Y) &Y = {(x,y) % e P00, v e I u}
0

II) If X € |A] and P(U) FE WF(X) then

HXPH

e |Al
by

{(x,y) : x e FldX), vy e 1

Suppose that P(U) F WF(X). Let

XN,

Yy = {(x,y) ¢ x € Fld(X), v ¢ I¢0

PROOF OF I). We prove that P(U) E 6(X,Y0).
Let x and y be arbitrary. If x ¢ F1d(X) then

PUD F (x,y) € Ty A ¥ Gy, X,Y).

So assume that x ¢ Fld(X).
Then

PU F Goy) € Tg ey e 1t

eye U I,0v¢ < u Iy )
n<I XN o o\ n<ux[\Xu ¢

because (z,x) e X ='(thré=XP;) ﬁ-az(zeFld(XF%) Ay e ler;“> v
0

¢0(Y9{y' M P(U) F—“ HZ(ZEF]_d(X[\X) A .yl € 1}0([\“}>

by lemma 1 « P(U) F ‘D(X:Y,X’YO) v ¢Oy' (y,q’(x,Y',X,YO))

o P(U) F ¥(x,5,%,Y,)



Thus P(U) F e(X’YO)'

11

Suppose now that for some Y P(U) F 6(X,Y).

Observe that then for all x and y

(x,y) ¢ ¥ » x € Fld(X).

We prove by induction with respect to "th" that for all x,y

(x,5) € ¥ <« (x,¥) € Y-

Let x € F1d(X). Suppose that the claim is true for all pairs (z,y)

such that HXF&H < HXT;H.

Then for all y

P(U) = (X’Y) e Yo P(U) F “P(X9Y:X3Y)

by lemma 1

By induction hypothesis

by lemma 1

by the above string

of equivalences

Thus by induction Y =Y

@ P() F 32(zeFLdXN) A (z,y)eY)

v ¢O<y,{y' 2 P(U) & 3z(zeFLA(XT)) A (z,y)eY)}>
@ P() | 32(2eF1AXN) A (2,y)eY,)

v q)o(y,{y' t P(U) = 3z(zeF1d(X[}) A (z,y)eYO)}>

@ P F ¥(x,y,%,Y,)

o P(U) F (x,y) ¢ YO-

0 which concludes the proof of I).
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PROOF OF II). Assume additionally that X € |A|. We prove the claim by

induction with respect to IXl. So suppose that the claim is true for Z e |A]

such that Izl < IXl. Let for x ¢ F1d(X)

Y(x) = {(z,y) :z e FIdAXN), v ¢ I"Xr;r;“}
X ¢0
For x ¢ Fld(X) ||X[‘xll < IXl and X[\X € |A] so by induction hypothesis

and I) combined with A-absoluteness of 6

3 Vx {x e F1d(X) ~ (Y(x) e |A] and A e(X[;,Y(x)))]

We prove now that
(4 A E vxvy [ETBY(xeFld(X) A X[; =T A B(T,Y) A ¥Y(x,y,X,Y))

]

> VTVY(xeFld(X) A ((X[\x - T A 6(T,Y)) ~ W(x,y,X,Y)))_l

Take arbitrary x and y. Suppose that the left hand side of the equiva-
lence holds. Then x ¢ F1d(X). By A-absoluteness of 6, I) and (3)

A E ¥(x,y,%,Y(x)).

Take now arbitrary Y such that A k= e(X[:,Y). Then P(U) = 6(XT,Y),
so by I) Y = Y(x). By thke above A F V¥(x,y,X,Y). Thus
A E VY(G(X[\X,Y) + ¥(x,y,%,Y)) i.e. the right hand side of the equivalence
holds.

Conversely, suppose that the right hand side holds. Then x ¢ F1d(X).
By (3) Y(x) € |A| and A G(X[\X,Y(x)). Thus A = ¥(x,y,X,Y(x)). Hence
A FE EY(S(XPX,Y) A ¥(x,y,X,Y)) i.e. the left hand side holds.

So (4) is proved. A satisfies A}(d)o)—Comp, so by (4) and corollary 1

-

A B vxvy [(x,y) € Y‘<—+ ATAY (e F1d (X) A X[\x =T A 6(T,Y) A ‘P(x,y,X,Y))J

for some Y1 e |A].
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for all x and y

AFE (xy) ¢ ¥ A F x e FLAX) A (B (XN,Y) A ¥(x,5,X,1))
) and (3) oA E x e FIA(X) A ¥(x,7,X,Y(x))
e ¥ is A-absolute ® P(U) F x e F1d(X) A ¥(x,y,X,Y(x))

a1e definition of ¥ ® x ¢ Fld(X) & P(U) F Bz(zeFld(X[‘x) Ay e Iﬂ)xl\xl\z">
0

lemma 1 v ¢O(y,{y' : P E ':'Iz(zeFld(X[\x) Ayl oe Iixi:cl\z“)})
0

1e definition .of IXNI & x e F1d(X) & P(U) F v € u 1"
X ¢
n<l X1 %0

v é (y, u I )
N e %0

o xeFld(X) 8 y ¢ Iixl\x".
0

Yl = YO. But Y, |Al so the proof of II) is concluded.

Let now n < h(A). Then for some X ¢ |A| such that P(U) = WF(X)
xl. By II)

Y = {(x,y) : x e Fld(X), v ¢ I"X[\xu} e |A|
0 ¢0

mprehension there exists Z € |A| such that

A E Vy<ye:Z — Bx((x,y)eYo) v ¢Oy,(y',3x((x,y')eY0))>

Observe that for all y
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AFyez  ePW 3Gy voq (r,3xryDery))
by lemma 1 eye U I vPWU F¢ ( Ys )
ez %o O\ es nxn Mo
I
I
o y € ¢o

Thus Z = 180 which concludes the proof. [

What are the conditions which imposed on a structure A imply that
H¢0H < h(A) and I¢O € |A]? Clearly we have to assume that A is a B structure

- there are w-models of full-comprehension which do not contain H - Zl sets

(see e.g. APT [11), so in particular do not contain all sets 1nduét1ve1y
defined by arithmetical formulas.

Is it sufficient to assume that A is a R-model of A}(¢0)—Comp? The
answer is no, because there exist acceptable structures on which every model
of A}—Comp is a B-model.

We conjecture that Z:(¢O)-Comprehension is not sufficient either.
Clearly one has to add the condition that ¢O is A-absolute.

We prove the following theorem:

THEOREM 2. Let ¢0 be a (1,1)-formula of Lg

over U which is a model of Z (¢O,WF(X)) Comp and that ¢O is A-absolute.
Then H¢OH < h(A).

Suppose that A is a B—-structure

PROOF. Let
X(x,y)+> 3KIY [WF(X) A 6(X,Y) A 32((z,%) € Y A (z,y) ¢ Y)]
where 6(X,Y) is the formula defined in the proof of theorem 1. X{x,y) is a

1 .
21(¢0,WF(X))—formu1a, so there exists Z € |A| such that for all x and y

A FE (x,y) € Z & X(x,y).
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Observe that for all x and y
(x,5) e Zo A F WF(X) A 6(X,Y) A 32((2,%) € Y A (2,y) € Y)
for some X € |A] and Y € |A|

because A is a B-structure & P(U) F 6(X,Y) A 3z((z,x) € Y A (z,7) ¢ Y)
and 6(X,Y) is A-absolute
for some X ¢ A] and Ye |A| such that P(U) = WF(X)

by I) and II) o Ez(z € FId(X) A x € Iixrin Ay f ler}“)
0 0

for some X € |A] such that P(U) F WF(X)

because h(A) is limit © X ¢ Igo Ay ¢ Igo for some n < h(A)

o lxl¢ < h(A) & IXI¢O < |y|¢0.
0

It follows that Z is transitive and wellfounded i.e. P(U) = WF(Z).
Suppose that h(A) < "¢O“. Then for every n < h(A) there exists
x € F1ld(Z) such that lxl¢0 = n. Clearly HZF;“ = n. Thus h(A) < Iz, which

is a contradiction. 0

THEOREM 3. Let ¢O be a (1,1)-formula of LU

93 where U = < A’Rl""’Rn >. Let

K(¢O) = {A : A is a B-structure over U, A E z:(¢O,WF(X))—Comp
and % is A-absolute}

Then

i) I¢O € ﬂK(¢0).
ii) I¢0 € Def(K(¢o)).

Moreover I¢0 is invariantly definable over K(¢O) by az:(¢0,WF(X))—

formula.
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iii) There exists a Z:(¢O,WF(X))-formu1a WO(X,Y) such that
i") Wo(x,y) is A-absolute for A ¢ K(¢O)
ii') “ZOH = “¢0“ where Z, = {(x,y) : P(W) & Wo(x,y)}

PROOF OF 1i). By theorem | and 2.
PROOF OF ii). Observe that for all x

PU) F x € I¢0 > JX3Y [WF(X) A 8(X,Y) A Fz((z,x)eY)]

Indeed,
X € I¢O © X € Iggl for some n < IA|+
e X e Igﬁrénfor some X such that WF(X)
and z € F1ld(X)
by I) @ JXIY [WF(X) A 6(X,Y) A Fz((z,x)eY)].

It is left to prove that the formula
3X3AY [WF(X) A 8(X,Y) A Fz((z,x)eY)]

is A-absolute for A ¢ K(¢0).

Let A ¢ K(¢0). By theorem 2 there exists Z € |A| such that P(U) = WF(Z)
and 121 = oI

We have for all x
P(U) F 3X3Y [WF(X) A 8(X,Y) A 3z2((z,x)e¥)]
=X e 1
%
=X € Ig for some n < 12zl
0
¢ Igzr;n

= X

for some z ¢ F1d(Z)
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by I) = P(U) = 3Y [6(Z,Y) A 32((z,x)eY)]

by II) = A F 3y [6(Z,Y) A Jz((z,x)eY)]

= A = 3X3Y [WF(X) A 06(X,Y) A 3z((z,x)eY)]

Implication in the other direction follows from the fact that WF(X)

and 8 (X,Y) are A-absolute formulas.

PROOF OF iii). Let

Wo(x,y) <> IXIY [WF(X) A 6(X,Y) A Fe((t,y)eY) A Fz((z,x) € Y A (z,y)¢Y)]

and let zZy = {(x,y) : P(W) E ?o(x,y)}.
Then for all x and y

PU) F (x,y) € ZO ey e I¢0 & leq)0 < Iy!¢0

as a string of equivalences analogous to that in the proof of theorem 2
shows (in place of A we should take P(l)).
The proof that Wo(x,y) is A-absolute for A ¢ K(¢0) is analogous to the

appropriate proof from part ii). O

Let WFn(X) be the following (0,2n)-formula of Lg

WFn(X) <> X is a wellfounded transitive relation on A".

whereL1=<A,R1,...,Rﬁ>;

Clearly all the results of this section hold for (n,n)-formulas instead
of (1,1)-ones after replacing throughout the section each occurrence of the
formula WF(X) (including the definition of h(A) - we denote this changed
ordinal by h"(A)) by WF(X).

From the proofs of theorems 1 and 2 we can easily extract

THEOREM 4. Suppose that for some n > 1 the relation WF® is arithmetical on
u.



{I¢0 : ¢0 is a (n,n)-arithmetical formula of Lg} = ﬂMod(z;—Comp)

PROOF. For some arithmetical formula ¥ of Lg

P E WFH(X) > ¥(X)

Suppose that ¢O is a (n,n)~arithmetical formula of Lu Then

9
Ai(¢o)—Comp = A:-Comp. Let A be a second order structure over U which is a
model of Z:-Comp.

Let X (x,y) be the following (2n)-formula of Lg
X(%,y) <> 3XIY [¥(X) A 8(X,Y) A 32((2,%) € Y A (2,5)¢0)]

where 6(X,Y) is the appropriate (0,2n,2n)-formula defined in the proof of

theorem 1.

X(x,y) is a 2} formula, so there exists Z ¢ |A| such that
A B VRV ((3,3) € Z < X(x%,7)).

The same string of equivalences like in the proof of theorem 2 shows

that for all x and §
(%,7) € Z & |xly <h™(A) & |xly < |¥]
Y ¢0 ¢0 y og

which analogously implies that "¢OH < h(A). Due to theorem 1 I¢O e 1Al. O

COROLLARY 2. Barwise—Grilliot theorem (see MOSCHOVAKIS [2] p. 140) is false

i1f one omits the assumption of countability.

PROOF. There are acceptable structures U on which all the relations WF" are
arithmetical (see MOSCHOVAKIS [2] theorem 6C.3). By theorem 4 the intersec-—
tion of all models of Zi—Comp contains all inductive relations on U, so by
corollary 5D.3 from MOSCHOVAKIS [2] it is different from the family of all

hyperarithmetical relations on U. [J



19

NOTE. The other way to prove the above corollary is to use theorem 7A.1
form MOSCHOVAKIS [2] in connection with theorem 7F.1. The advantage of the
proof presented above is that it is much more elementary - it doesn't even

use any of two Stage Comparison Theorems.

§4. INVARIANT DEFINABILITY OVER MODELS OF A:—COMPREHENSION.

Throughout this section we shall use freely several results from
MOSCHOVAKIS [2]. Instead of writing e.g. "by theorem 7A.2 from MOSCHOVAKIS
[2]1" we shall simply write 'by theorem 7A.2".

411 the previously unexplained notations can be found in MOSCHOVAKIS [27.

THEOREM 5. Let U be an acceptable structure. Let T be an inductive theory

in Lg which has a second order model over U. Then

Def (Mod (T)) < A: )

1
Here, of course, A

1 denotes the family of all A: first order relatioms on U.

PROOF. Let X ¢ Def(Mod (T)). For some formula ¢ of Lg which is A-absolute
for A € Mod(T) '

PU) E vx(xeX < ¢(x)).

Thus for all x = (xl,...,xn)

XxeXePU) F ¢
& for every A ¢ Mod(T) AE ¢(x)
e VZ [ModT(Z) - Satz(r¢ﬂ,z,¢,<x],...,xn>)]

(we are using here the notation of lemma 7E.2 and theorem 8C.2).
. 1
ModT(Z) is a Z: relation (see theorem 8C.2) and Satz(a,Z,Y,b) is a Al
. 1 .
relation (see lemma 7E.2 and theorem 6B.5). Thus X is a H] relation. Also

oo

X ¢ Def(Mod(T)), so X is a H: relation as well. Thus X is Al'
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THEOREM 6. Let U be an acceptable structure. Let T be a theory in Lg such
that Ai—Comp c T and T has a second order model over U.
Then

¥& (U) < Def(Mod(T)).

PROOF. Suppose that XO € & (U). By theorem 7D.! there exists a formula
¢ (x,X) of Lu such that for all x

X € Xy IXé (x,X) & ITK(XHEU) & ¢(x,X)).

Let A € Mod(T). Then 3& (U) < |A| by theorem 7E.1.

We have for all x
P(U) F 3%¢(x,X) = P(U) F $(x,X) for some X e & (U)
= P(U) E ¢(x,X) for some X e |A]
= AE 3Xé(x,X).

Thus 3X¢(§,X) is A-absolute which shows that XO e Def(Mod(T)). 0

Combining these two theorems we get

COROLLARY 3. Let U be a countable acceptable structure. Let T be an induc-

tive theory in Lg such that A}—Comp c T and T has a second order model over
U. Then

HE&(U) = Def(Mod(T)).

PROOF. By theorem 8A.1 H&(U) = Ai, so the claim follows from theorems 5
and 6.

The above statement is not true for uncountable acceptable structures.

It follows from the following theorem.



21

THEOREM 7. Let U be an acceptable structure. Suppose that for some n > 1

WF® is arithmetical on U. Then

Ul o Def(Mod(Ai—Comp)).

e

{I¢O N is a (n,n) X-positive formula of L
PROOF. Let ¢O be a (n,n) X-positive formula of Lu and let A be a model of
A:—Comp.
By theorem 7A.1 there exists a formula ¢(§,Y) of Lu such that for all x
X e Tyy @ 3 [WF™(Y) & ¢(%,Y)]
e 3Y [Y eXe (U) & WFP(Y) & ¢(%,Y)]-
u
For some formula V¥ of L
WFM(X) & P(U) F ¥(X)

for all X c Azn.

Then

PU) E V;c(;<61¢0 «— 3Y [¥(Y) A ¢(§,Y)]>.

We have for all x
P(U) E 3Y [¥(Y) A ¢(x,Y)] = P(U) E ¥(Y) A 6(x,Y)
for some Y ¢ ¥&(U)
by theorem 7F.]1 = P() F Y1) A o(x,Y)
for some Y ¢ |A|

= A F 37 [¥(Y) A ¢(x,Y)]
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which shows that 3IY [¥(Y) A 6(Y,§)] is A-absolute.
Thus I¢0 e Def (Mod(A}—Comp)). g

We are unable to characterize the sets which belong to Def(Mod(Ai-Comp))
in the case of arbitrary acceptable structures. Observe, however that the
following theorem holds.

THEOREM 8. Let U = < A,R ,...,Rn > be an acceptable structure. There exists

1
an inductive set I such that

Def(Mod(Ai—Comp)) cHe (U,1).

PROOF. Let I be an inductive binary relation which parametizes the unary
inductive relations (see theorem 5D.2).

Let X ¢ Def(Mod(A:—Comp)). Then for all KigeeosXy
P = (xl,...,xr) € X &< A;K&(U),Rl,...,Rn > F ¢(X],---,Xr)-

Let k be the highest arity of second order variables occurring in ¢. Then

clearly for all x,,...,%

1? T

PUD b (%50 ) € X & < A, UJC&m(U),RI,...,Rn > 1 Gy esx ).
m<k

£

By theorem 5D.4 for every £ there exists a (£+l)-ary inductive set 1
which parametizesi%&e(U).

Let J = {<m,a>: ac Im < k}
(here m is the m-th integer in the copy of w in a coding scheme fixed
throughout the proof).
Clearly J is inductive.

By lemma 7E.2 for all Xjseee,X

r

PU) F (xl,...,xr) e X e Satz(r¢1,J,¢,< XpsenesX >)

where Sat2 is a second order hyperelementary relation.
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This easily implies that X is hyperelementary on (U,J).
For some a J = {x : (a,x) € I} thus X e X&(U,I). [
It seems likely that the inclusion in the above theorem could be re-

placed by equality. We are, however inable to prove it.
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